We describe the relationship between complex-valued harmonic morphisms from Minkowski 4-space and the shear-free ray congruences of mathematical physics. Then we show how a horizontally conformal submersion on a domain of R 3 gives the boundary values at infinity of a complex-valued harmonic morphism on hyperbolic 4-space.
INTRODUCTION
A harmonic morphism is a map that preserves Laplace's equation. More explicitly, a smooth map ϕ : M → N between Riemannian or semi-Riemannian manifolds is called a harmonic morphism if its composition f • ϕ with any locally defined harmonic function on the codomain N is a harmonic function on the domain M ; it thus 'pulls back' germs of harmonic functions to germs of harmonic functions. Harmonic morphisms are characterized as harmonic maps which are 'horizontally weakly conformal', see below.
Our purpose here is to describe the relationship between complex-valued harmonic morphisms from Minkowski 4-space and the shear-free ray congruences of mathematical physics. This paper is a revised and expanded version of Baird and Wood (1998) ; there are no plans to publish it. It can be regarded as a supplement to the book (Baird and Wood 2003) , see http://www.amsta.leeds.ac.uk/Pure/staff/wood/BWBook/BWBook.html, which the reader may consult for background on harmonic morphisms and related topics; references in boldface such as 'Definition 2.5.7 ', '(2.5.8)' refer to that book. In particular, the reader may find it helpful to read Chapters 2-4 of the book which give a self-contained introduction to harmonic maps and morphisms between Riemannian manifolds, Chapter 7 which gives the background in twistor theory and its relationship to harmonic morphisms in the Riemannian setting, and Chapter 14 which discusses harmonic maps and morphisms between semi-Riemannian manifolds.
In Sections S.1-S.5 of the present paper we describe one-to-one correspondences between conformal foliations by curves of R 3 , Hermitian structures on R 4 , shear-free ray congruences on Minkowski 4-space and complex-analytic foliations by null planes on C 4 ; then, in Sections S.9-S.11 we explain how to find these quantities by twistor theory, on the way discussing group actions on the twistor spaces. A CR interpretation is given in Section S.12. Although this material is essentially known in mathematical physics, we give a detailed self-contained treatment as it is not widely known outside that domain.
In Sections S.6-S.8, we show how a complex-valued harmonic morphisms from Minkowski 4-space determines a shear-free ray congruence and conversely, and give a version relating complex-harmonic morphisms and null planes.
In Sections S.13-S.15 we show how a horizontally conformal submersion on a domain of R
3
gives the boundary values at infinity of a complex-valued harmonic morphism on an open subset of hyperbolic 4-space; then we give explicit constructions of such submersions, relating these to the quantities described above.
We follow the format of the book (Baird and Wood 2003) by giving some 'Notes and comments' on each section at the end of the paper. Conventions follow that book, as does notation, as much as possible. For a regularly updated list of papers on harmonic morphisms, the reader should consult the Bibliography of Harmonic Morphisms at http://www.maths.lth.se/matematiklu/personal/sigma/harmonic/bibliography.html.
S.1 CONFORMAL FOLIATIONS BY CURVES ON R 3
Let R 3 denote three-dimensional Euclidean space, i.e., R 3 = {(x 1 , x 2 , x 3 ) : x i ∈ R} equipped with its standard metric g = dx 1 2 + dx 2 2 + dx 3 2 and orientation. Let C be a smooth foliation by curves of an open subset A 3 of R 3 . Assume that C is oriented, i.e., we can find a smooth unit vector field U tangent to its leaves. The orthogonal complement U ⊥ is then oriented. For such a foliation we can reformulate the definition of conformal foliation (Definition 2.5.7), as follows. Let J ⊥ denote rotation through +π/2 on U ⊥ , and let { } ⊥ denote orthogonal projection onto U ⊥ . Let L Y denote the Lie derivative with respect to a vector field Y . 1.1) and this holds if and only if
Proposition S.1.1 The foliation C is conformal if and only if, at all points of
Proof That (S.1.1) is equivalent to conformality follows from Proposition 2.5.16(ii) . To show the equivalence of (S.1.1) and (S.1.2), we have, for X ∈ Γ(U ⊥ ),
noting that ∇ X U ∈ Γ(U ⊥ ) since g(∇ X U, U) = 
In terms of the Bott partial connection
• ∇ U on End(U ⊥ ) (see (2.5.8 ) and (2.5.16)), (S.1.1) can be written as
Recall that a C 1 map M m → N n between Riemannian or semi-Riemannian manifolds is called horizontally (weakly) conformal if, at each point of M m , the adjoint of its differential is zero or conformal, see Section 2.4 for equivalent and more geometrical ways of saying this. In particular, a smooth map f : M m → R n , f = (f 1 , . . . , f n ), is horizontally weakly conformal if the vector fields grad f i are all orthogonal and of the same square norm: grad f i , grad f i = grad f j , grad f j and grad f i , grad f j = 0 i, j ∈ {1, . . . , n}, i = j .
(Here, , denotes the inner product on T M given by the metric on M .) For a smooth function f : A 3 → C this condition can be written nicely as
(S.1.4) By Corollary 2.5.12, conformal foliations C are given locally as the fibres of horizontally conformal submersions; in the case of interest this can be said explicitly as follows.
Lemma S.1.3 Let f : A 3 → C be a smooth (respectively, real-analytic) function on an open subset of RRemark S.1.4 The foliation C is oriented with unit positive tangent U = grad f 1 × grad f 2 |grad f 1 × grad f 2 | .
(S.1.5)
Example S.1.5 Set f (x 1 , x 2 , x 3 ) = a 1 x 1 +a 2 x 2 +a 3 x 3 where the a i are complex constants satisfying a 1 2 + a 2 2 + a 3 2 = 0; this gives a foliation by parallel lines.
Example S.1.6 For any constant c ∈ R, define f :
Then f is horizontally conformal and submersive. On identifying the extended complex plane C ∪ {∞} with the 2-sphere by stereographic projection (1.2.11), f can be extended to a horizontally conformal submersive map from R 3 \ {(−c, 0, 0)} to C ∪ {∞} ∼ = S 2 . It can easily be checked that its level sets are the circles through (−c, 0, 0) tangent to the x 1 -axis, together with the x 1 -axis; these are thus the leaves of a conformal foliation C c on R 3 \ {(−c, 0, 0)}. For later reference, the unit tangent to these leaves is calculated to be
where
For more examples, see Section S.3.
S.2 HERMITIAN STRUCTURES ON EUCLIDEAN 4-SPACE
Let R 4 denote four-dimensional Euclidean space, i.e., R 4 = {(x 0 , x 1 , x 2 , x 3 ) : x i ∈ R} equipped with the standard Euclidean metric g = dx 0 2 + dx 1 2 + dx 2 2 + dx 3 2 and standard orientation. Let
where { } Σ indicates projection from W ⊥ onto Σ along W; this is well-defined by (S.3.2)(ii). Then (or W) is said to be a shear-free ray (SFR) congruence if Lie transport along W of vectors in Σ is conformal, i.e., (
From (S.3.3), we see that this is equivalent to
it is easily checked that this condition is independent of the choice of screen space. Comparison of equations (S.3.5) and (S. 1.2) shows that the restriction of U to any R 3 -slice is a vector field whose integral curves form an oriented conformal foliation by curves of an open subset A 3 of the slice. We shall call this process projection onto the slice. Conversely, given an oriented conformal foliation of an open subset A 3 of an R 3 -slice, set U equal to its unit positive tangent vector field, then the null lines of M 4 tangent to ∂/∂t + U at points of A 3 define a ray congruence on an open neighbourhood of A 3 in M 4 which is shear-free at points of A 3 . The next result shows that is a SFR congruence; we shall call it the extension of C. Lemma S.3.1 If a ray congruence is shear-free at one point of a ray, it is shear-free at all points of that ray.
SFR-PROJ.EPS
Proof Let X be a section of Σ and set Z = X + iJ ⊥ X. Then it is easily seen that, at any point, condition (S.3.5) is equivalent to
Then, using (S.3.1), (S.3.7) and the zero curvature of M 4 we obtain
Using (S.3.1) and (S.3.6) we see that this is zero; hence if (S.3.6) holds at one point of a ray, it holds at all points of that ray. 2
With projection and extension defined as above, the precise statement of our construction is the following. 
It measures how much (infinitesimally) nearby null lines passing through the screen space Σ x twist around the null line through x. It is easily seen that a congruence of null lines is twist-free if and only if its projection C onto one R 3 -slice has integrable horizontal distribution.
Its level curves are radii from the origin and are the leaves of a conformal foliation C of R 3 \ {(0, 0, 0)} whose unit tangent vector field is given by
We remark that, when R 3 is conformally compactified to S 3 (see Section S.9), this example becomes projection from the poles:
. It is easily checked that the shear-free ray congruence extending U is defined on M 4 \{(t, 0, 0, 0) : t ∈ R} and has tangent vector field w = ∂/∂t + U where
For each t, projects to a conformal foliation on R 3 t with tangent vector field given by (S.3.9); note that this conformal foliation is independent of t. See also Example S.15.2.
. This is a horizontally conformal submersion from
Its level curves are circles in planes parallel to the (x 2 , x 3 )-plane and centred on points of the x 1 -axis; these give a conformal foliation C of A 3 with a unit tangent vector field given by
We compute the tangent vector field to the SFR congruence which extends U. The affine null geodesic of in M 4 through (x 1 , x 2 , x 3 ) with direction ∂/∂t + U is given parametrically by
Conversely, given x = (T, X 1 , X 2 , X 3 ) ∈ M 4 the null geodesic of through x hits the R 3 -slice t = 0 at (x 1 , x 2 , x 3 ) where
This has solution .3.12) where R = X 2 2 + X 3 2 − T 2 . Hence the tangent vector field to the null geodesic of through (t,
4 is given by w = ∂/∂t + U with
where r = √ x 2 2 + x 3 2 − t 2 . For each t, the integral curves of U t give a conformal (in fact, Riemannian) foliation C t of the R 3 -slice t = const.; it is easy to see that the leaves of C t are the involutes of circles (see Figure S. 2). See Examples S.13.8 and S.15.3 for further developments.
S.4 COMPLEX-ANALYTIC FOLIATIONS BY NULL PLANES ON
, by the R 4 -slice through p we mean the real four-dimensional affine subspace
and with the orientation induced from the standard orientation of R 4 . If p is the zero vector 0 = (0, 0, 0, 0) we write R 4 for R 4 0 . Note that T p C 4 can be identified canonically with T p R 4 p ⊗ C; we shall frequently make this identification.
In a similar way, extending the notation of Section S.3, we define the R 3 -slice through p by
and with the orientation induced from the standard orientation of R 3 ; we write R 3 for R 
Proof Condition (S.4.3) holds if and only if Thus an integrable complex-analytic distribution of α-planes has integral submanifolds which are (affine) α-planes, i.e., planes of C 4 whose tangent spaces are α-planes; thus, an integrable complexanalytic distribution of α-planes on A C is equivalent to a complex-analytic foliation by affine α-planes of A C . Similar considerations apply if we replace 'α-plane' by 'β-plane'.
this holds if and only if
g C (∇ w1 w 2 , w 1 ) = 0 w 1 , w 2 ∈ Γ(Π) . (S.4.5) Now, g C (∇ w1 w 2 ,w
S.5 UNIFICATION
The formulae (S.1.1), (S.2.1), (S.3.4) and (S.4.3) show that the four 'distributions' (or 'fields') studied in Sections S.1-S.4 are invariant if the standard metrics are replaced by conformally equivalent metrics. This suggests that there may be some relations between the distributions; we now explain those relations.
, by analogy with the R 4 -slice through p defined in Section S.4, we define the Minkowski slice through p to be the real four-dimensional affine subspace
0 . (Note that the minus sign before the term it is unimportant-it is simply to avoid minus signs elsewhere.)
Now we use the slice notation to show how all the four quantities discussed above are equivalent at a point.
Proposition S.5.1 Let p ∈ C 4 . There are one-to-one correspondences between the quantities:
Note that we shall use an upright font: J, U, w, etc. to denote quantities which are related to each other as in this proposition.
Next we discuss correspondences between the various distributions.
Let p ∈ C 4 . Suppose that J is a real-analytic almost Hermitian structure on a neighbourhood A
p . Then we can extend J to a neighbourhood A C of p in C 4 by asking that it be complex analytic. Note that this complex analyticity may be expressed by
Via Proposition S.5.1, this defines a complex-analytic distribution of α-planes. Conversely, a complex-analytic distribution of α-planes on a neighbourhood A C of p defines a real-analytic almost Hermitian structure on
gives rise to a complex-analytic distribution of α-planes on a neighbourhood A C of p in C 4 , and conversely. Then we have the following.
and let J (respectively, W) be the corresponding almost Hermitian structure on
Then the following conditions are equivalent:
Proof Firstly we show that Π is integrable at points of A 4 if and only if J is integrable on A 4 . To do this, let q ∈ A 4 . In view of Lemma S.4.2, the distribution Π is integrable at q if and only if
By (S.5.2), this is equivalent to
q ) which is the integrability condition (S.2.2) for J at q.
Next we show that Π is integrable at points of A M if and only if W is a shear-free ray congruence on
and so, with w = ∂/∂t + U,
Choose X = ∂/∂x 0 = i∂/∂t; then this reads
this is the condition that the integral curves of w be geodesic at q. With X chosen instead in the screen space W
q we obtain the shear-free condition (S.3.5). Conversely, since the two choices of X give vectors X + iJX spanning Π q , if (S.5.6) and (S.3.5) hold so does (S.5.3).
To finish the proof, if any of the above conditions holds at all points of A 4 or A M , by analytic continuation it holds throughout A C . 2
Combining this result with Theorem S.3.2 we obtain relations between the following four sorts of distributions (for any p ∈ C 4 ):
Theorem S. 
Then restriction to slices through p defines
(ii) a positive Hermitian structure on 
these maps define bijections between germs at
A 3 of the distributions (i), (ii), (iii), (iv).
S.6 LOCAL COORDINATES AND HARMONIC MORPHISMS
A smooth map between Riemannian manifolds is a harmonic morphism if and only if it is both (i) harmonic and (ii) horizontally weakly conformal (Fuglede 1978 , Ishihara 1979 ; this remains true for semi-Riemannian manifolds (Fuglede 1996) . For a complex-valued map ϕ : M → C from a (semi-) Riemannian manifold these conditions read, respectively,
where ∆ M is the Laplace-Beltrami operator on M , see Section 2.2 for more details. Note that a complex-valued harmonic morphism from a real-analytic Riemannian manifolds is real analytic (see Proposition 4.3.1); this is false, in general, for a semi-Riemannian domain (see Section 14.6).
The pair of equations (S.6.1) is conformally invariant in the sense that the composition f • ϕ of a harmonic morphism ϕ : M → C and a weakly conformal (i.e., holomorphic or antiholomorphic) map f to C is a harmonic morphism. Hence, we can replace C by a Riemann surface N and then (S.6.1) are the equations for a harmonic morphism ϕ : M → N in any complex (or isothermal) coordinates (cf. Sections 1.1 and 4.1).
It is convenient to introduce standard null coordinates (q 1 , q 1 , q 2 , q 2 ) on C 4 by setting
Then R 4 is given by q 1 = q 1 , q 2 = q 2 and the holomorphic metric on C 4 by g 
It is easily checked that Π p is an α-plane.
The assignment (S.6.3) gives an explicit bijection
On applying Proposition S.5.1(ii), we obtain also an almost Hermitian structure
p . This has (0, 1)-tangent space with basis
On applying Proposition S.5.1(iii) and (iv), we also obtain a unit vector U p and a null direction W p = span{w p } where w p = ∂/∂t + U p . We shall say that µ represents Π p , J p , U p and W p . To get more explicit formulae for these quantities, we apply the unitary matrix
this converts the basis of Π p to another basis {e 0 + ie 1 , e 2 + ie 3 } where {e 0 , e 1 , e 2 , e 3 } is a positive orthonormal basis for R 4 . Explicitly, write u = iw 1 /w 0 = iµ, and let σ : S 2 → C ∪ {∞} denote stereographic projection from (−1, 0, 0), then the basis {e 0 , e 1 , e 2 , e 3 } is given by
Thus J p is the unique positive almost Hermitian structure at p which satisfies J p (∂/∂x 0 ) = σ −1 (iµ). Now let there be given a smooth distribution of any of the quantities Π, J, W, U of (S.5.7) related as in Proposition S.5.1. Write U = σ −1 (iµ); then, after applying a Euclidean transformation, if necessary, to ensure that µ is finite, we see that (S.5.3) is equivalent to the equation
Recall that, in standard null coordinates (q 1 , q 1 , q 2 , q 2 ), a basis for Π is given by (S.6.3) or (S.6.4). Thus (S.6.8) reads (S.6.9) this is the condition that the distribution Π of α-planes represented by µ be integrable. These equations restrict on real slices to the equations S.6.10) this is the condition that the almost Hermitian structure J represented by µ be integrable. On Minkowski slices, writing v = x 1 + t, w = x 1 − t, these equations restrict to S.6.11) this is the condition that the integral curves of the smooth distribution W of null directions represented by µ form a shear-free ray congruence.
Example S.6.1 Define µ :
This satisfies equations (S.6.9), and so defines a holomorphic foliation Π by α-planes. In fact, the leaves of this foliation form the holomorphic 2-parameter family of α-planes:
The map µ restricts to the map R 4 \ {0} → C ∪ {∞} given by µ = q 2 /q 1 ; this satisfies (S.6.10) and so defines a positive Hermitian structure J.
On
this defines a shear-free ray congruence . A short calculation shows that the vector U = σ −1 (iµ) is given by (S.1.6), so that the projection of onto a slice t = c is the foliation C c described in Example S.1.6.
We now show how the quantities J and define harmonic morphisms. By (S.6.10), the right-hand sides vanish, so that µ is a harmonic morphism by the 'if' part of the Fuglede-Ishihara characterization (S.6.1) (see Lemma 4.2.1).
Since J = σ −1 (iµ), by conformal invariance (see above or Section 4.1), it follows that J :
is also a harmonic morphism. 2 Remark S.6.3 That J is a harmonic morphism also follows from Proposition 7.9.1, as in Example 7.9.2.
We have an analogue for Minkowski space, as follows. A horizontally weakly conformal map ϕ : M → N between semi-Riemannian manifolds is called degenerate at x ∈ M if ker dϕ x is a degenerate subspace (Definition 14.5.6). Example S.6.6 The direction field U of the SFR conguence of Example S.3.5 defines a harmonic morphism from the cone given by
to S 2 which is degenerate everywhere and has image given by the equator of S 2 . Note that U = σ(iµ) with
The map µ : A M → C defines a harmonic morphism µ : A M → C equivalent to U; it is also degenerate, with image the unit circle. The fibre of U (or µ) through any point p is the affine plane perpendicular to U p ; this is spanned by U p , ∂/∂x 1 and the vector in the (x 2 , x 3 )-plane perpendicular to U p .
There is a complex version of the last two propositions which we explain in the next section.
S.7 COMPLEX-HARMONIC MORPHISMS

By a complex-harmonic function
we mean a complexanalytic map satisfying the complexified Laplace's equation:
By a complex-harmonic morphism ϕ : A C → C we mean a complex-analytic map satisfying (S.7.1) and a complexified version of the horizontal weak conformality condition:
The chain rule quickly shows that we can characterize complex-harmonic morphisms A C → C as those complex-analytic maps which pull back complex-analytic functions to complex-harmonic functions (cf. Theorem 4.2.2). Note also that, since these equations are invariant when ϕ is composed with a holomorphic map, we can replace C by any Riemann surface. 
which is easily seen to be submersive. By Theorem S.8.1, ϕ| A 4 is holomorphic with respect to some Hermitian structure J which is constant along each fibre component of ϕ. By replacing q 2 with q 2 , if necessary, we can assume that J is positively oriented. Represent J by the map µ : A 4 → C ∪ {∞}; then, since ϕ is holomorphic and J has (0, 1)-tangent space with basis (S.6.6), we have at all points of
Since J is integrable, we have also equation (S.6.9):
Extend µ to A C by insisting that (S.8.1) holds; note that µ is well defined by one of these equationssince the hypothesis that dϕ is nowhere zero ensures that not all the partial derivatives of ϕ can vanish simultaneously-and is a complex-analytic function. By analytic continuation, (S.8.2) holds at all points of A C so that µ defines a holomorphic foliation F by α-planes. By (S.8.1), ϕ is constant along any α-plane of F, so that each fibre of ϕ is the union of α-planes of F. Further, J and so µ| A 4 is constant along the fibre components of ϕ| A 4 ; by analytic continuation, µ : A C → C ∪ {∞} is constant along the fibre components of ϕ : A C → C ∪ {∞}, so that the α-planes of F making up a fibre component of ϕ are all parallel.
Lastly, since µ is constant on the leaves of the foliation given by the fibres of ϕ, it factors through local leaf spaces as µ = ρ • ϕ. Since ϕ and µ are both holomorphic (with respect to i and J), ρ must be holomorphic.
2
We have the following analogue for Minkowski space proved in a similar way. 
Note that in the real and complex cases the condition 'dϕ nowhere zero' is equivalent to 'submersive'. This is not so in the Minkowski case where ϕ may be degenerate (Definition 14.5.6). In this case we can be more precise as follows. 
Proof Let p ∈ U . Let v, w, z, z be any null coordinates, i.e., coordinates in which the metric is dv dw + dz dz. Then the harmonic morphism equations (S.6.1) read comparing these with (S.6.11) shows that µ represents a shear-free ray congruence W at p. If, instead, ϕ ww (p) = 0; interchange v and w in the above; again, we get a shear-free ray congruence W at p. Now let A 1 = {p ∈ A M : ϕ vv = 0} and A 2 = {p ∈ A M : ϕ ww = 0}. Then A 1 ∪ A 2 = A M and we obtain shear-free ray congruences on the open sets int(A 1 ) and int(A 2 ); by the Baire category theorem (Sims 1976, Section 6.4 
), their union is dense in
Remark S.8.6 On the open set int(A 1 ) ∩ int(A 2 ) (which may be empty) both V and W are shearfree ray congruences; the fibres of ϕ are spanned by V and W and are totally geodesic.
Example S.8.7 It can easily be checked that, for any holomorphic function f , the composite map ϕ = f (x 2 +ix 3 )/(x 1 +t) is a complex-valued harmonic morphism on M 4 \{(t, x 1 , x 2 , x 3 ) : x 1 +t = 0}. In fact, ϕ = f (iµ) where µ is given by (S.6.13). If df is nowhere zero, then ϕ is submersive, and the associated shear-free ray congruence of Theorem S.8.3 (or S.8.5) is that in Example S.6.1. Conversely, a holomorphic conformal structure can be specified by giving a collection of holomorphic metrics whose domains cover M such that any two are conformally related on the intersection of their domains.
Let C 4 = G 2 (C 4 ) denote the Grassmannian of all two-dimensional complex subspaces of C 4 equipped with its standard complex structure. Then C 4 can be embedded holomorphically in C 4 by the mapping given in standard null coordinates by
(S.9.1)
We shall call c the standard coordinate chart for C 4 ; we identify C 4 with its image under c. Points of C 4 \ C 4 will be called points at infinity.
Note that the matrix A is of the form A = I Q where I denotes the 2 × 2-identity matrix and
which is a standard representation of the quaternion q 1 + q 2 j = x 0 + ix 1 + jx 2 + kx 3 ; we shall call such a matrix Q quaternionic. Thus Q, and so A, represents a point of R 4 if and only if Q is quaternionic. If, on the other hand, x = (t,
so that Q, and so A, represents a point of M 4 if and only if Q is skew-Hermitian. We give C 4 a holomorphic conformal structure, as follows. Given any complex chart c :
Choose a non-zero element ω * of Λ 4 C 4 . For each p ∈ U and w ∈ T p U define g(w, w) to be the unique complex number such that
On defining g(v, w) for v, w ∈ T p U by polarization:
we obtain a holomorphic metric on U , and so on c(U ). It is well defined up to multiplication by nowhere-zero holomorphic functions, and so defines a holomorphic conformal structure. We now determine the null surfaces in C 4 , i.e. the surfaces whose tangent spaces are null. Fix w ∈ CP 3 , thus w is a one-dimensional subspace of C 4 ; then set w = {p ∈ G 2 (C 4 ) : the plane p contains w} , (S.9.6) this defines a surface in C 4 ≡ G 2 (C 4 ). Now the formula (S.9.5) shows that all its tangent spaces are null; it is easily seen that they are all α-planes. All such surfaces are given this way. If it is not at infinity, we easily see that w is the image under c of an affine α-plane of C 4 so we shall continue to call the surfaces affine α-planes. (Affine β-planes have a similar definition and can be described as the sets of all two-dimensional subspaces of C 4 contained in a given three-dimensional subspace.) To understand all this better, embed G 2 (C 4 ) in CP 5 by the Plücker embedding pl which sends the plane spanned by the vectors X and Y to the point
is the standard projection. The image of pl is the complex quadric
the condition ω ∧ ω = 0 expressing the decomposibility of ω. Identify Λ 2 C 4 with C 6 in the standard way; then the components of pl are given by the 2 × 2 minors of the matrix A. Thus the composition j = pl • c : C 4 → CP 5 is given by 
(S.9.8) In these coordinates, Q C has equation (S.9.9) and the restriction of j to R 4 reads
is the inverse of stereographic projection. This shows that (i) the closure R 4 of the image of R 4 consists of the points of Q C with real coordinates ξ i , this is the quadric Q R in RP 5 with equation (S.9.9); (ii) Q R is conformally equivalent to S 4 ; (iii) the set of points at infinity of R 4 , i.e., the set R 4 \ R 4 , consists of the single point [1, −1, 0, 0, 0, 0] . In the coordinates 
This is a higher-dimensional version of the stereographic projection discussed in Example 14.1.22.
Note that the mapping from S 1 × S 3 given by
is a double covering; it is also conformal if we give S 1 × S 3 the Lorentian product metric −g
Think of
The map (S.9.13) factors to a conformal diffeomorphism
(S.9.14)
Note that the mapping
Remark S.9.3 We give S 1 × S 3 the time-and space-orientations induced from the standard orientations on S 1 and S 3 . These factor to S 1 × S 3 ∼. The map j given by (S.9.12) sends x ∈ R 3 to the equivalence class of the point (1, 0) ,
where u denotes the unit positive tangent vector. By a slight abuse of notation, we shall continue to denote (u, 0) by ∂/∂t even at points at infinity. Then any null direction in
We give Q C a holomorphic conformal structure, as follows. Let g Q be a symmetric bilinear form on C 6 such that Q C has equation g Q (ξ, ξ) = 0, i.e., (S.9.11) in the coordinates ξ i . Let X : A → T 1,0 Q C be a holomorphic vector field defined on an open subset of Q C , and let X : A → C 6 be a holomorphic lift of it, i.e., dπ( X) = X where π :
where λ : A → C \ {0} is holomorphic and π( p) = p. Since g( p, p) = g( p, X) = 0, the first being the equation of Q C and the second the tangency condition, we have g Q ( X , X ) = λ 2 g Q ( X, X). Hence g is well defined up to multiplication by a nowhere-zero holomorphic function; it thus defines a holomorphic conformal structure on Q C . Clearly this corresponds under pl to the holomorphic conformal structure defined above on G 2 (C 4 ). Thus j is a holomorphic conformal inclusion. More generally, for any p ∈ C 4 , let R 
as in (S.9.6), w is an α-plane in C 4 , which we call the α-plane determined or represented by w. Conversely, for any point p ∈ C 4 we write
then p is a projective line (i.e., a one-dimensional projective subspace) of CP 3 which represents the CP 1 's-worth of α-planes through p. Explicitly, in the standard null coordinates c : C 4 → C 4 given by (S.9.1), we have (w, p) ∈ F 1,2 if and only the following incidence relations are satisfied: 
This system has the unique solution S.9.20) and so defines a map CP 3 \ CP 
Note that, on interchanging q 2 and q 2 in (S.9.18) we obtain the standard parametrization of β-planes by CP 3 . The incidence relations (S.9.18) define the following fundamental map which gives the point of CP 3 representing the α-plane through (q 1 , q 1 , q 2 , q 2 ) with direction vector σ −1 (iw 1 /w 0 ):
The restriction of this to R 4 × CP 1 gives a trivialisation of the twistor bundle (S.9.21) over R 4 , cf. Section 7.4.
In summary, (i) the map w → w defined by (S.9.16) determines a bijection from CP 3 to the set of all affine α-planes in
S.10 GROUP ACTIONS
In order to decide what distributions are conformally equivalent, we need to discuss group actions on the diagram (S.9.15). The group SL(4, C) acts in a canonical way on C 4 and induces transitive actions on the three spaces in (S.9.15) such that µ and ν are equivariant. From our description of the holomorphic conformal structure on C 4 = G 2 (C 4 ) it is clear that SL(4, C) acts on that space by holomorphic conformal transformations.
The subgroup B ∈ GL(6, C) :
is isomorphic to the complex orthogonal group SO(6, C). This acts on CP 5 preserving the complex quadric Q C and restricts to an action on Q C by holomorphic conformal tranformations. As before, identify Λ 2 C 4 with C 6 in the standard way. Then, given P ∈ SL(4, C), set R(v ∧ w) = P v ∧ P w; this defines a homomorphism SL(4, C) → SO(6, C) (S.10 .1) which is easily seen to be a double covering. Write
where A, B, C, D are 2 × 2 complex matrices. We discuss which subgroups give transformations of R 4 and M 4 . For R 4 , let SL(2, H) be the subgroup of matrices P of SL(4, C) which commute with x → jx; i.e., with A, B, C, D quaternionic. Then any P sends the fibres of the twistor map (S.9.21) into other fibres and so restricts to a transformation of
, and so the double fibration collapses to the twistor map (S.9.21).
For M 4 , let h be the (pseudo-)Hermitian form on C 4 given by
Then P ∈ SU(4, h) if and only if
An easy linear change of coordinates shows that h has signature (2, 2) so that SU(4, h) is isomorphic to the group SU(2, 2). The group SU(4, h) partitions CP 3 into three disjoint orbits, namely, CP
Since the quadric hypersurface Q
M is given by the quadratic form (S.9.11) of signature (2, 4), the group {B ∈ GL(6, C) : of the identity component of the conformal group of Q M which consists of those conformal transformations which preserve time-and space-orientations.
Remark S.10.1 (i) The double cover (S.10.1) exhibits SL(4, C) as the universal covering of SO(6, C), i.e., SL(4, C) ∼ = Spin(6, C).
(
induces local conformal transformations of M 4 , or a global conformal transformation if R maps the points at infinity to points at infinity. Example S.10.2 Given P ∈ SL(4, C) as in (S.10.2), in the standard chart (S.9.1), the action on C 4 is given by
If Q ∈ SL(2, H) then this restricts to a conformal transformation of the space R 4 ; if Q ∈ SU(4, h) it restricts to a conformal transformation of M 4 . We now discuss some special cases. If C is of the form (S.9.3), then P ∈ SL(2, H) and the translation restricts to a translation through x in R 4 ; if C is of the form (S.9.4), i.e., is skew-Hermitian, then P ∈ SU(4, h) and it restricts to a translation through
Since P ∈ SL(2, H) ∩ SU (2, 2) , this restricts to inversions in R 4 and M 4 , the latter given by
(S.10.9)
Remark S.10.3 If (S.10.3) is replaced by (S.10.10) then P sends h to −h and so interchanges CP coordinates, given R ∈ SO(6, C), write it in block form as R = E F G H where E is 2 × 2. Since the embedding of C 4 in Q C is given by
the action of R on C 4 ⊂ Q C is easily calculated to be S.10.11) where E = (e ij ), f 1· (respectively, g ·j ) denotes the first row of F (respectively, j'th column of G) and
. If all the entries of R are real so that R ∈ SO(2, 4), then this action restricts to a conformal transformation of M 4 . We now discuss some particular cases. 1, 3) . In this case the action (S.10.11) is the Lorentz transformation x → Hx, this is a restricted Lorentz transformation if H is in the identity component of O (1, 3) , in which case R ∈ O 0 (2, 4).
where λ is a non-zero real number, and 2, 4) and the action is the dilation x → λx.
(iii) For a ∈ C 4 regarded as a column vector, set E = 1 0 |a| (2, 4) and the action is the translaton x → x + 2a. (1, 3) . Note that all the examples with matrices R ∈ O 0 (2, 4) correspond to matrices P in SU (2, 2) under the double cover (S.10.7), the form of such P for (i)- (iv) S.11.1) where I denotes the identity map. Comparing definitions we see that this is just the section σ J of the twistor bundle (S.9.21) defined by J, as in Section 7. On using Theorem S.5.3 we obtain similar results for the other three sorts of distribution in (S.9.17), but now we must use the mapping defined by (S.9.15). For completeness, we include the last theorem with this notation, as follows.
Corollary S.11.2 Given a complex hypersurface S of CP 3 , any smooth map w :
defines a (i) holomorphic foliation Π by α-planes (respectively, (ii) a positive Hermitian structure J, (iii) a real-analytic shear-free ray congruence , (iv) a real-analytic conformal foliation C by curves) on A.
All such distributions are given this way.
We call S the twistor surface of Π, J, or C. Note that in case (ii) (respectively, (iv)) the 'incidence condition' (S.11.2) reduces to the condition that w be a section of the twistor bundle (S.9.21) (respectively, its restriction (S.9.24)).
We can give a more explicit version for uncompactified spaces, as follows.
Example S.11.4 Set ψ(w 0 , w 1 , w 2 , w 3 ) = w 3 . Then (S.11.3) reads
this has solution µ : C 4 \ {0} → C ∪ {∞} given by (S.6.12), this defines the distributions Π, J, , C 0 of Example S.6.1.
For further examples, see Section S.15.
S.12 CR INTERPRETATION
A CR structure of class C r (Jacobowicz 1990) on an odd-dimensional manifold M = M 2k+1 is a choice of C r rank k complex subbundle H of the complexified tangent bundle
Given H we define the Levi subbundle H of T M by H ⊗ C = H ⊕ H and a complex-linear endomorphism J : H ⊗ C → H ⊗ C by multiplication by −i (respectively +i) on H (respectively H). Then J restricts to an endomorphism of H with J 2 = −I, and (S.12.1) is equivalent to the condition:
Conversely, such a pair (H, J) determines H by H = {X + iJX : X ∈ H}; thus a CR structure can be defined equivalently as a subbundle H of T M of rank k together with an endomorphism J : H → H with J 2 = −I which satisfies (S.12.2). Say that a map ϕ : M → N is CR with respect to CR structures (H, J) on M and (H , J ) on N if dϕ maps H to H and dϕ 
and define J to be rotation through +π/2 on U ⊥ p together with the standard complex structure J ; this will be a special case. Equation (S.11.3) reads sµ + (q 2 + µ q 1 ) = 0 , so that the direction field U of the distributions (S.5.7) with twistor surface S is given by U = σ −1 (iµ) where
In terms of these parameters, we have from equation (S.14.1),
so that equation (S.14.4) reads Since SU(4, h) acts transitively on the three subsets CP We now give three examples where the twistor surface is a quadric so that we can solve all equations explicitly. where s = (1 + q 1 q 1 + q 2 q 2 ) 2 − 4q 2 q 2 . This has branching set when the square root s is zero; on R 4 = R . When a 0 = 0 this gives ζ = ζ, so that, for any smooth branch ζ : A → C of (S.15.11), the level curves of ϕ = ζ| A give a conformal foliation. Explicitly, with s = (1 + x 1 2 + x 2 2 + x 3 2 ) 2 − 4(x 2 2 + x 3 2 ) ; this defines a rotationally symmetric foliation C 0 . In fact, on each plane arg(x 2 + ix 3 ) = const. it restricts to a foliation by coaxal circles as shown in Fig. S.3 (the plus and minus signs give the same foliation). Geometrically it measures how fast infinitesimal circles in the screen space distort into ellipses under Lie transport along the congruence. It is easy to see that is shear-free if and only if its shear tensor vanishes. The expansion tensor is defined as the trace of (S.16.1). Together with the twist tensor discussed in Remark S.3.3, these are the three fundamental tensors associated to a congruence of null lines. For more information see Benn (1994) , Beem, Ehrlich and Easley (1996) . By a complex-analytic version of Theorem 4.2.2, such maps can be characterized as those complex-analytic maps which pull back complex-harmonic functions to complex-harmonic functions, hence we shall call them complex-harmonic morphisms. If λ ≡ 0, they pull back arbitrary complex-analytic functions to complexharmonic functions; we shall call them degenerate complex-harmonic morphisms. When m = 4, n = 1 this is the case studied in Section S.7; for arbitrary m and n = 1, they are the analogue of the degenerate harmonic morphisms studied in Sections 14.5 and 14.6. See Pambira (2002 Pambira ( , 2003 for more on complex-harmonic morphisms, as well as harmonic morphisms between degenerate semi-Riemannian manifolds.
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